For each positive integer k we present an example of word-hyperbolic Coxeter group that cannot be embedded into pseudo-orthogonal group O(n, k) for any n.
Construction
We refer to [B] for background on Coxeter groups, their matrices and graphs.
Let G 1 be a group generated by 5 involutions r 1 , . . . , r 5 and relations • (r i r j ) 5 = 1 if (i, j) = (4, 5); • (r i r j ) 3 = 1 if (i, j) = (1, 2), (2, 3) or (3, 4); • (r i r j ) 2 = 1 otherwise.
G 1 may be thought as a cocompact group of isometries of the hyperbolic space H 4 . Its fundamental polytope is a simplex with Coxeter diagram Σ 1 :
Now define a group G k . It consists of k copies of G 1 (an m-th copie is generated by 5 involutions r 5(m−1)+1 , . . . , r 5m ) with the following additional relations between generators of different copies:
The Coxeter graph Σ k of G k consists of k copies of Coxeter graph Σ 1 sticking out of a complete graph on k vertices with triple edges. The graph Σ 3 is drawn on Fig. 1 .
Since any two involutions r i and r j generate a finite group, the signature of Σ k is uniquely defined. To prove the theorem, we show that G k is word-hyperbolic and the signature of Σ k equals (4k, k). This means that G k cannot be embedded into O(n, k − 1) for any n.
Main tools
To prove that G k is word-hyperbolic, we use the following result of G. Moussong [M] .
Proposition 1 ( [M] , cor. of Th. 17.1). Let Σ be a Coxeter graph of a Coxeter group G without parabolic subgraphs. Then G is word-hyperbolic if and only if no pair of disjoint subgraphs Σ ′ , Σ ′′ of Σ corresponds to two infinite groups. To compute the determinant of Σ k we use the following result of E. Vinberg [V] .
The weight of an (m − 2)-tuple edge of Σ is a real number equal to cos( π m ). For any cyclic path γ of Σ denote by p(γ) the product of the weights of all edges of γ. 
Proof of the theorem
First, we prove that G k is word-hyperbolic. It is clear that any subgraph of Σ k corresponding to infinite subgroup contains at least one vertex of the complete subgraph on k vertices. By Prop. 1, this implies word-hyperbolicity of G k . Hiding all vertices of the complete subgraph in Σ k , we obtain a graph corresponding to the finite group kH 4 . So, the positive inertia index of Σ k is at least 4k. To prove that the negative inertia index of Σ k equals k, it is sufficient to show that the sign of det(Σ k ) equals (−1) k . We finish the proof by the following Lemma.
Proof. Denote det(Σ k ) by d k , and denote by d the determinant of H 4 . Prop. 2 implies the following recurrent formula for d k :
Here k m is the number of (m + 1)-simplices with one fixed vertex in the complete graph on k vertices, and m! is the number of oriented Hamiltonian cycles in 1-skeleton of (m + 1)-simplex. Notice now that
and assume that the lemma is true for all l ≤ k (we put d 0 = 1, so the lemma is true for k = 1). Then the expression ( * ) implies that 2 5(k+1) (k + 2).
